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Newton’s version of Kepler’s Third LawNewton’s version of Kepler’s Third Law

Kepler’s third law is specific for the case of a one solar mass 
central body, as is the case for the solar system. Isaac Newton 
applied his law of universal gravitation to derive a generalized 
form of Kepler’s third law:

This is a powerful equation that can used to determine the 
mass of many orbiting objects. Usually M1 >> M2.



Time dependence of orbitTime dependence of orbit
The mean anomaly, M(t), represents a fictitious mean motion 
around the orbit, and is thus given by

Where n ≡ 2π/P is the mean angular rate of motion, and tp is 
the time at periastron passage.
M(t) and E(t) are related by the following expression:

This is referred to as Kepler’s equation. This is a 
transcendental equation, which means it has no analytical 
solution and must be solved numerically (or graphically).
e.g., x = cos(x).



Orientation of orbit with respect to observerOrientation of orbit with respect to observer

The argument of periastron, ω, is the angle between periastron 
and the ascending node in the orbital plane.
Note that ω+f is important because it predicts where the planet 
is in the orbit.



Radial velocitiesRadial velocities
Recall that a positive radial velocity means that the distance to 
the object is increasing, while a negative radial velocity means 
that the distance to the object is decreasing.



Radial velocitiesRadial velocities
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V0 (or ɣ) is the systemic velocity.
The full derivation of the radial velocity 
equation is in the The Exoplanet Handbook, 
or the Kelsey Clubb derivation (linked on 
class webpage).
K is the semi-amplitude, given by

Other useful forms:

K(Jupiter) = 12.5 m/s, K(Earth) = 0.1 m/s



  



  



  
e = 0.67, ω = 195°
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e = 0.93, ω = 300°



Radial velocitiesRadial velocities
Example: Imagine a highly eccentric orbit (e > 0.5) with ω = 90°. 
What is the shape of the orbit and corresponding RV curve?
Note: Maximum change in velocity occurs at periastron.
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Inferior conjunctionInferior conjunction
Inferior conjunction occurs when the planet crosses a plane 
perpendicular to both the plane of the sky and plane of the 
orbit.
Near side = inferior conjunction
Far side = superior conjunction

Inferior conjunction will 
occur when ω+f = 90°.
If the orbital inclination is 
large enough, this is also 
when the planet will transit.
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Multi-planet system stabilityMulti-planet system stability
A note regarding the application of orbital stability …

If we change the inclination of a multi-planet system, the true 
mass of the planets increase via Mm = Mt sin i, where Mm is the 
measured mass, and Mt is the true mass.

Assuming the orbits are coplanar, we can test if the orbits 
remain stable by integrating over many orbits and considering 
the planetary Hill radii:

If the Hill radii touch, the system is unstable, and thus the 
inclination of the system MUST be larger.

See the following paper for the example of HD 10180:
Kane & Gelino, 2014, ApJ, 792, 111
See the following paper for Hill radii and moons:
Hinkel & Kane, 2013, ApJ, 774, 27









Fitting radial velocity dataFitting radial velocity data
What are the observables from RV data?
They are: P, e, ω, tp, and K.

RV data are usually fit using a χ2 minimization method.

O = observed
E = expected

Then calculate the reduced χ2:

ν = degrees of freedom
   = #observations - #free
       parameters – 1

If χ2
red = 1, data matches model

If χ2
red >> 1, data does not match model (stellar noise, more 

planets, instrumentation)
If χ2

red << 1, uncertainties overestimated (overfit)



Fitting radial velocity dataFitting radial velocity data
Consider a multi-planet system with np planets. In that case, the 
total radial velocity is the sum of the individual radial velocities:

The number of Keplerian free parameters is 5np+1, where +1 
accounts for the systemic velocity, ɣ.
There are several approaches to fitting such data. We can try to 
fit all parameters simultaneously. Alternatively, we can fit one 
planet, subtract the model, then fit the residuals, and repeat.



  

A Triple-Planet System Orbiting Upsilon Andromedae



  

A Triple-Planet System Orbiting Upsilon Andromedae



Fitting radial velocity dataFitting radial velocity data
Having good first guesses for some parameters can also help 
fitting processes to converge. One method is to use a Fourier 
analysis, utilizing a Lomb-Scargle periodogram. This fits a 
function of the form:

This fit is performed at various various frequencies from which 
we produce a periodogram. This yields a first guess for the 
orbital period.



Lomb-Scargle PeriodogramLomb-Scargle Periodogram

Fitting radial velocity dataFitting radial velocity data



  



Example for two well known planetsExample for two well known planets
Below are the individual RV curves (dashed lines), combined RV 
signature (solid line), and simulated date for two well-known 
planets. Note their relative orbital periods and the scale of the 
RV amplitudes. What are the names of these two planets?



Example for two well known planetsExample for two well known planets

Uranus Neptune

Below are the individual RV curves (dashed lines), combined RV 
signature (solid line), and simulated date for two well-known 
planets. Note their relative orbital periods and the scale of the 
RV amplitudes. What are the names of these two planets?



Measuring radial velocitiesMeasuring radial velocities
Radial velocities are measured by comparing spectral line 
positions to those of reference lines:

Ideal targets are FGK stars because they are relatively bright 
and have lots of spectral lines.



Measuring radial velocitiesMeasuring radial velocities
M dwarf stars are very faint and are also active. Precision radial 
velocities for such stars requires InfraRed (IR) spectrographs to 
boost S/N.

Stars earlier than F have relatively few lines (due to ionization – 
Saha equation). Also, they are rapid rotators which results in 
rotational broadening of spectral lines.

We can account for stellar 
activity in χ2

red fit by 
inflating invariance (σ2) 
until χ2

red = 1.0. The total 
uncertainty than becomes 
the quadrature sum of the 
individual noise sources:
        σ2

T = σ2
n + σ2

s



  

High sensitivity to small radial velocity shifts:
●  Achieved by comparing high S/N = 200 - 500 spectra     

with template stellar spectra.
●  Large number of lines in spectrum allows shifts of 

much less than one pixel to be determined.

Absolute wavelength calibration and stability over long 
timescales:

●  Achieved by passing stellar light through a cell 
containing iodine, imprinting large number of additional 
lines of known wavelength into the spectrum.

●  Calibration suffers identical instrumental distortions as 
the data.

Measuring radial velocitiesMeasuring radial velocities



  

(1) Theoretical: photon noise limit
●  flux in a pixel that receives N photons uncertain by ~ N1/2 

●  implies absolute limit to measurement of radial velocity
●  depends upon spectral type - more lines improve signal
●  around 1 m/s for a G-type main sequence star with 

spectrum recorded at S/N=200
●  practically, S/N=200 can be achieved for V=8 stars on a 

3m class telescope in survey mode

(2) Practical:
●  stellar activity - young or otherwise active stars are not 

stable at the m/s level and cannot be monitored with 
this technique

●  remaining systematic errors in the observations

Measuring radial velocitiesMeasuring radial velocities
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Planet Period (days) Mass (Earth) Reference
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Only evidence for 4 planets (Tuomi 2011)
The d planet is in the Habitable Zone (Wordsworth et al. 2011)
The atmosphere of the d planet (von Paris et al. 2011)
The g planet doesn't exist (Gregory 2011)
There are only 4 planets (Forveille et al. 2011)
Planets f & g DO exist! (Vogt et al. 2012)
Planet d doesn't exist (Robertson et al. 2014)

?
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